The influence of fluctuating conductivity on the coefficients known from the mean-field electrodynamics is considered. If the conductivity fluctuations are assumed as uncorrelated with the turbulent velocity field then only the effective magnetic diffusivity of the fluid is reduced and the decay time of a large-scale magnetic field is increased. If the fluctuations of conductivity and flow are correlated in a certain direction then an additional diamagnetic pumping effect results transporting magnetic field in opposite direction to the resistivity flux vector η ′ u ′ . Even for homogeneous turbulence fields in the presence of rotation an α effect appears. With the characteristic values of the outer Earth core or the solar convection zone, however, the dynamo number of the new α effect never reaches supercritical values to operate as an α 2 -dynamo.
Introduction
The electromotive force (EMF) u × B is the only nonlinear term in the induction equation on which the present-day mean-field electrodynamics is based on. It is the only nonlinear term in this equation if the microscopic magnetic diffusivity η in the fluid is uniform. This, however, is not necessarily true. If by any reason the electric conductivity fluctuates around a certain value then the effective diffusivity does not equal this value so that the effective decay time of a largescale electric current is changed. Below we shall demonstrate the details of this phenomenon with a quasi-linear approximation and with nonlinear simulations.
In convection-driven turbulent fields temperature fluctuations may produce electricconductivity fluctuations which are correlated with the vertical component of the flow field. In this case a resistivity flow vector η ′ u ′ exists in the turbulence which in connection with the large-scale field and/or the large-scale electric current may form new terms in the mean-field induction equation. Pétrélis et al. (2016) even assumed that a new sort of α effect may arise by this phenomenon and our considerations confirm this conclusion for the presence of global rotation.
The Equations
The only equation of the problem is ∂B ∂t = curl u × B − η curlB (2.1)
with div B = 0 and div u = 0 for an incompressible fluid. Here u is the velocity, B the magnetic field vector and η the magnetic resistivity. We are considering a turbulent fluid with u =ū + u ′ and with a fluctuating magnetic resistivity η = η 0 + η ′ . Obviously, for finite fluctuations the high-conductivity limit η → 0 is not allowed. The fluctuations u ′ and η ′ may be correlated so that a turbulence-originated resistivity flux
forms a vector which is polar by definition. The existence of this vector is obvious if, as e.g. for thermal convection, both the velocity field and the electric conductivity are due to temperature fluctuations. The correlation (2.2) may be understood as transport of magnetic resistivity in a preferred direction. Also the magnetic field will fluctuate, i.e. B =B + B ′ . The magnetic fluctuation B ′ fulfills a nonlinear induction equation which can be derived from (2.1). We shall only discuss its linear version
in the analytical derivation below. In the following the equations are simplified by the notation η 0 → η, i.e. the symbol η denotes the mean value of the molecular resistivity. If the fluctuations are known then the correlations
can be formed which enter the induction equation for the large-scale field via
To find the influence of a large-scale field and/or its gradients on the mean EMF E at linear order it is enough to solve the induction equation (2.1) where the inhomogeneous large-scale magnetic field must be introduced in the formB j = B jp x p with B jp ≡ B j,p . We note that the global rotation only appears in the Navier-Stokes equation for the velocity fluctuation which remains homogeneous if only expressions linear in B jp are envisaged. One can thus work with
as the spectral component of the magnetic fluctuations (Rüdiger et al. 2013 ). The first two terms on the r.h.s. of this relation describe the interaction of the turbulence with the large-scale magnetic field and its gradients. Under the assumption that the large-scale fieldB varies slowly in space and time, the electromotive force can be written as
where α ij and β ijk are tensorial coefficients representing the α effect and the turbulent magnetic diffusivity, respectively. The last term in (2.7) gives the influence of the fluctuating resistivity. It leads to an EMF of
whereÛ is the Fourier transform of the resistivity-velocity correlation U which itself is a polar vector. Its spectral vector of the correlation (2.2) can be written in full generality aŝ
(2.10)
The vector g gives the unit vector of the coordinate in which direction the correlation between velocity and resistivity is non-vanishing. The expression (2.10) must be odd in g and the real part must be even in the wave number k. The quantity u 1 reflects the correlation of the velocity component gu ′ with η ′ . The second term in (2.10) contains a correlation of resistivity and vorticity where u 2 must be a pseudoscalar. Equations (2.9) and (2.10) lead to
where the latter symbol represents a gradient which does not play a role in the induction equation. Note that the non-potential term only exists if the magnetic field depends on the coordinate parallel to z. It does thus not exist for two-dimensional models as discussed by Pétrélis et al. (2016) and it represents an anisotropic diffusion term rather than an alpha effect. If in a formal sense for rotating turbulence in the second term of (2.10) g will be replaced by Ω then the EMF in Eq. (2.11) would run with Ω × J known from the mean-field dynamo theory where it is a part of the anisotropic diffusivity tensor. It is able in connection with differential rotation to maintain large-scale magnetic fields.
The resistivity-current correlation
The resistivity-current correlation J from (2.4) shall be calculated in detail. The Fourier transformed fluctuations of the electric-current are
Multiplication with η ′ leads tô
The equations (2.10) and (3.2) provide J = −γ g ×B with γ = 1 3
representing turbulent transport of the magnetic background field ('pumping') anti-parallel to g. For positive u 1 (i.e. for positive correlation of η ′ and u ′ z ) the pumping goes downwards as g is the vertical unit vector. We note that the integral in (3.3) also exists in the high-conductivity limit η → 0 so that it does not depend on the magnetic Reynolds number Rm for large Rm. In this limit the γ is linear in the correlation function u 1 . For small Rm the integral in (3.3) linearly runs with Rm which follows after application of the extremely steep correlation function δ(ω) as a proxy of the low-conductivity limit.
On the other hand, ifV is the spectral function of the autocorrelation V = η ′ (x, t)η ′ (x + ξ, t + τ ) , of the resistivity fluctuations then J becomes
obviously providing an extra contribution to the dissipation term. The question is whether this term reduces or enhances the background eddy diffusivity. For homogeneous turbulence one finds from (3.1)
(3.5)
The spectral tensorQ ij for isotropic turbulence iŝ
where the positive-definite spectrum E gives the energy
and H the helical part of the turbulence field. From (3.5) one finds E = −η T curlB with the positive-definite eddy diffusivity
(3.8)
For the sum of the turbulence-originated electromotive forces we, therefore, obtain
indicating the effective eddy resistivity as reduced by the conductivity fluctuations. On the other hand, the pumping term in the second line of this equations only exists if these conductivity fluctuations are correlated with the flow component in a preferred direction within the fluid. All terms in Eq. (3.9) also exist in the high-conductivity limit, η → 0.
The modified eddy diffusivity is
(3.10)
For large Rm both terms run linearly with Rm while for small Rm both terms run formally with Rm 2 . If the second expression is considered as function of η ′ rms /η then it runs with 1/Rm for large Rm and with Rm 0 for small Rm. As it should, the reduction of the eddy diffusivity by conductivity fluctuations disappears in the high-conductivity limit.
To test these predictions, we run fully nonlinear numerical simulations with the PENCIL CODE †. We solved the equations of compressible magnetohydrodynamics
where A is the magnetic vector potential and B = curlA is the magnetic field, J = µ −1 0 curlB is the current density D/Dt = ∂/∂t + u · ∇ is the advective time derivative, and ρ is the density, and c s is the constant speed of sound. The viscous force is given by the standard expression
where ν is the kinematic viscosity. The fluid is forced with an external body force
δt is the length of the time step, and −π < φ(t) < π is a random delta-correlated phase. The vector f k describes non-helical transversal waves, and is given by
( 3.14) whereê is an arbitrary unit vector and where the wavenumber k is randomly chosen from a narrow range around a pre-defined value k f . The simulation domain is a fully periodic cube with volume (2π) 3 . The units of length, time, and density are
where k 1 is the wavenumber corresponding to the system size and ρ 0 is the initially uniform value of density. The simulations are characterized by the magnetic Reynolds number
where u rms is volume averaged and Pm = ν/η is the magnetic Prandtl number. The flows under consideration are weakly compressible with Mach number Ma = u rms /c s ≈ 0.1. All of the simulations use k f /k 1 = 30 and a grid resolution of 288 3 . The last term on the r.h.s. of Eq. (3.11) describes an imposed EMF E 0 =Ê 0 sin(k 1 x)ê z , that is used to introduce a large-scale magnetic field B y (x) in the system. Furthermore, the fluctuating component of the magnetic diffusivity is given by η ′ = c u u z , where c u is used to control the strength of the correlation. We use η ′ rms = c u u z,rms to quantify the amplitude of the fluctuating part of the diffusivity.
We first run the simulations with each Rm with η ′ = 0 sufficiently long that a stationary large-scale magnetic field B y (x) due to the imposed E 0 is established. The amplitude of the resulting magnetic field is typically of the order of 10 −3 of equipartition strength such that its influence on the flow is negligible. Then we branch new simulations from snapshots of these runs with different levels of diffusivity fluctuations η ′ and switch off the imposed EMF, i.e. E 0 = 0. Without the EMF the large-scale magnetic field decays. Measuring the decay rate of the magnetic field, the ratio η T /η describing the effective turbulent diffusion can be computed. At least five decay experiments with each value of Rm and η ′ were made and the averaged decay rate was used in the computation of η eff T /η. The error bars in Fig. 1 indicate the standard deviation divided by the square root of the number of experiments. Going back to Eq. (3.10), we note that if the second expression is considered then its argument (η ′ rms /η) 2 must be multiplied with 1/Rm for large Rm and with Rm 0 for small Rm. It is thus clear that the diffusivity-reduction by conductivity fluctuations disappears in the highconductivity limit which is confirmed by the numerical results (Fig. 1 ).
The alpha effect of rotating fluids
All turbulent flows which are known to possess an alpha effect are helical due to an inhomogeneity in the rotating turbulence field subject to the influence of a density and/or turbulenceintensity stratification. The product g·Ω forms the pseudo-scalar on which the pseudo-tensor α in the relation (2.8) bases. However, the turbulence model considered in this paper is homogeneous and anisotropic. As the anisotropy is only implicit it is not trivial whether the influence of global rotation will lead to an alpha effect or not.
We start with Eq. (3.1) and include the influence of rotation by the transformationû p = D pqûq with the rotation operator
in linear approximation. It followsĴ i = ǫ isp k j k s D pqÛq (−iω + ηk 2 ) −1 B j + ...., and finally
where γ is given by Eq. (3.3) and
For Pm = ν/η = 1 and for frequency spectra which monotonously decrease for increasing ω the frequency integral in (2.8) is positive-definite while it vanishes a for a white-noise spectrum. The last term in Eq. (4.2) is the standard α effect due to the action of global rotation. Both terms α and γ are linearly running with the ratio η ′ rms /η. In the low-conductivity limit (Rm < 1) it is
while in the high-conductivity limit (Rm > 1)
both relations for the α terms taken for all Pm 1. The magnetic Reynolds number is here taken as Rm = u rms ℓ/η with ℓ as the correlation length. The α effect always needs rotation; both the given coefficients are small. The dimensionless ratioγ = γ/αΩ of the pumping term γ and the α effect indicates the appearance of off-diagonal and diagonal elements in the alpha tensor. Forγ > 1 the dynamo operation can highly be disturbed. For a standard disk dynamo Rüdiger et al. (1993) demonstrated with numerical simulations that both large values of |γ| suppress the dynamo action. In spherical dynamo models the γ term plays the role of an upward buoyancy (Moss et al. 1990) or even a strong downward turbulent pumping (Brandenburg et al. 1992) . In order to be relevant for dynamo excitation the α effect should numerically exceed the value γ of the pumping term. As the pumping effect even exists for Ω = 0 the ratioγ should decrease for faster rotation. With extensive numerical simulations Gressel et al. (2008) derived values of order unity for interstellar turbulence driven by collective supernova explosions. For rotating magnetoconvection Ossendrijver et al. (2001 Ossendrijver et al. ( , 2002 also foundγ ≃ 1 where both α and γ reached about 10% of the rms value of the convective velocity. In their simulations of turbulent magnetoconvection also Käpylä et al. (2009) found typical values of order unity forγ.
For the following reasons the existence of a diamagnetic pumping and an α effect for rotating but unstratified fluids with fluctuating resistivity (in a fixed direction!) should not be too surprising. We start with the flow-current correlation u ′ · curlB ′ which after (3.1) for non-rotating turbulence certainly vanishes. This, however, is not true for rotating turbulence as u ′ · curlB ′ ∝B · Ω is possible even for isotropic turbulence fields which only vanishes for B ⊥ Ω. Moreover, the tensor u ′ i curl j B ′ for rotating isotropic turbulence may be written as
In opposition to the tensors forming the helicity, the current helicity and the cross helicity, the tensor (4.6) is not a pseudo-tensor and there is no reason that the dimensionless coefficients κ identically vanish. The correlation u ′ r curl φ B ′ describes the up-or downward flow of azimuthal electric current fluctuations in a rotating magnetized turbulence. The calculation on basis of Eqs. (2.7) and (4.1) for rotating and magnetized but otherwise isotropic turbulence leads to the tensor expression
which is symmetric in its indices with
The κ expression strongly remembers the integral (4.3); it is also positive for monotonously decreasing frequency spectra (at least for Pm = 1). In the low-conductivity limit it runs with Rm 2 while it vanishes in the high-conductivity limit.
On the other hand, without rotation the tensor (4.7) of the homogeneous turbulence can simply be written as u ′ i curl j B ′ = κ ′ ǫ jikBk . As it should, the tensor is invariant against the simultaneous transformation i → j andB → −B.
for purely azimuthal background fields. The coefficient
ηk 4 E ω 2 + η 2 k 4 dk dω (4.10)
is positive. The left panel of Fig. 2 gives the results of a numerical simulation for a nonrotating convection box penetrated by a weak azimuthal magnetic field. A detailed description of the magnetoconvection code has been published earlier (Rüdiger & Küker 2016) . After the definitions the magnetic field B φ = 1 would take 40% of the equipartition value B eq = √ µ 0 ρu rms . The density stratification is assumed as rather weak ( < ∼ 10%). We find κ ′ > 0 in accordance to the result (4.10) of the quasi-linear approximation. If additionally u ′ r and η ′ are (say) positvely correlated then (4.10) provides positve values of γ in accordance to (3.3).
We have also to note that the scalar product u ′ · curlB ′ = −10 κ (Ω ·B) possesses the opposite sign as the correlation (g · u ′ ) curlB ′ = κ(g · Ω)B, which we now consider for the hemisphere with g · Ω > 0. One finds that fluctuations of electric-currents in direction of the large-scale magnetic background field are correlated with the velocity component g ·u ′ , provided g is not perpendicular to the rotation axis. This implies (4.11) which means that in a rotating but otherwise isotropic turbulence with an azimuthal background field the radial flow fluctuations will always be correlated with azimuthal electric-current fluctuations. E.g., an upflow motion provides a positive (or negative) azimuthal electric-current fluctuation while a downflow motion provides a negative (or positive) azimuthal electric-current fluctuation so that the products of u ′ r and curl φ B ′ have the same sign in both cases. Replace now u ′ r by η ′ and the existence of correlations such as η ′ curl φ B ′ becomes obvious in rotating isotropic turbulence fields magnetized with an azimuthal background field. Just this finding is formulated by Eqs. (2.4) and (4.2). It is obvious that after (4.11) also the new α effect runs with cos θ, i.e. the correlation is antisymmetric with respect to the equator and it vanishes there.
For our argumentation only the standard concept of mean-field electrodynamics in turbulent media is needed. We note that the new α effect in Eq. (4.2) does not follow from any helicity in stratified turbulent media; the helicity parameter H in Eq. (3.6) does not occur in the calculations.
A nonlinear numerical simulation may demonstrate the existence of the scalar quantity κ and, therefore, the existence of the new α effect. To this end, a convectively unstable Cartesian box penetrated by an azimuthal magnetic field (fulfilling pseudo-vacuum boundary conditions at top and bottom of the box) is considered with both density and temperature stratifications of (only) 10%. The box is flat: two units in vertical direction and four units in the two horizontal direction, there are 128 × 256 × 256 grid points. The convection cells are characterized by the scales u rms ≃ 0.7, τ corr ≃ 0.6 and Rm ≃ 50. For the non-rotating box the right panel of Fig. 2 shows no finite value for (4.11). With rotation the κ is numerically calculated for four different magnetic background fields in the high-conductivity limit (Fig. 3) . The rotation rate Ω = 1 belongs to a Coriolis number Ω * = 2τ corr Ω = 1.2. The preferred direction g has been fixed at θ = 45 • corresponding to midlatitudes in spherical geometry. As expected, the resulting κ's are positive and do not depend on the sign of the magnetic field. It is of order O(0.1) for weak magnetic fields. Due to magnetic suppression an increase of the field by a factor of three reduces the κ by the same factor. An estimation of (4.8) yields κ ≃ (π/30)St for Pm = 1 where the Strouhal number St = u rms τ corr /ℓ with ℓ as the correlation length has been used. Hence, κ ≃ π/30 ≃ 0.1 for Strouhal number unity. For the effective pumpingγ = γ/αΩ the simulations provide the numerical value of O(10) in (rough) accordance with the estimates (4.5).
The dynamo number C α = |α|R/η eff T is
with R the characteristic size of the dynamo domain. That the C α exceeds unity which is necessary for dynamo excitation, therefore, cannot be excluded for sufficiently fast rotating large volumes. We note that the estimate (4.12) does not depend on the numerical value of η. Applying the characteristic values of the geodynamo with Rm ≃ 100 and u rms ≃ 0.05 cm/s would provide η ′ rms /η > ∼ 10 −4 as the excitation condition of an α 2 dynamo. We shall see below that in the outer Earth core such (large) values are not realistic. In the solar convection zone the equatorial velocity ΩR only slightly exceeds the maximal convection velocity but the very large Rm will prevent the appearance of considerably high values of C α .
It might be underlined that (4.11) describes a magnetic-induced radial transport of azimuthal electric-current fluctuations which vanishes for Ω = 0. It even exists for all rotating homogeneous turbulence fields without another preferred direction beyond rotation axis and magnetic field direction.
Results and discussion
We have shown analytically and also with numerical simulations that the eddy-diffusivity in a turbulent fluid is reduced if not only the flow speed but also the electric conductivity fluctuates. In this case the effective eddy diffusivity is smaller than in the absence of diffusivity fluctuations. This is understandable as the large-scale electric-current prefers the high-conductivity islands which randomly exist in the fluid. For small magnetic Reynolds number Rm the large-scale diffusivity decreases with growing η rms /η but this effect disappears for large Rm, i.e. in the high-conductivity limit. Figure 1 shows that the reduction effect is a phenomenon of (say) a few ten per cent. If the fluid becomes anisotropic in the sense that only one component of the velocity vector and the electric conductivity are correlated then further phenomena appear. Convection may serve as an example where the downward and upward flows always have different temperatures and, therefore, different electric conductivities. If we define in radial direction the correlations as positive then a downward topological pumping of the magnetic field appears in the negative radial direction. With other words, if by the existence of correlations the magnetic diffusivity fluctuations are transported in one direction then the magnetic background field is transported in the opposite direction. This is despite the fact that the considered turbulence is homogeneous. Applying the resistivity relation η ∝ T −3/2 (Spitzer 1962) to convection and with r > 0 as the radial direction then the correlation η ′ u ′ r is negative. It formally describes a downward transport of resistivity and hence the magnetic pumping should go upwards. This situation is confirmed by both the quasi-linear calculations and the simulations. The amplitude of the pumping flow is only a few percent of the turbulent flow which may be smaller by one order of magnitude than the diamagnetic effect of inhomogeneous turbulence.
The Spitzer relation yields η ′ /η ≃ −1.5T ′ /T where a simple estimate provides T ′ rms /T ≃ u 2 rms /gℓ. The simulations leading to the left panel of Fig. 3 worked with gravity acceleration g = 2000 in code units. The associated results u rms ≃ 0.7 and ℓ ≃ 0.5 would provide T ′ rms /T ≃ 5 × 10 −4 in excellent agreement with the numerical results (Fig. 4) . Then the fluctuating resistivity η ′ rms /η is of the same order which after (4.12) seems to be consistent with C α =O(1) if Earth core characteristics are applied. However, the very slow convection flows in the outer Earth core only provide much smaller values of η ′ rms /η < ∼ 10 −12 . If the values of our box simulation are used to compute (4.12) then C α ≃ 10 −5 , which is far from the possibility to excite an α 2 dynamo.
Also in the bulk of the solar convection zone the temperature fluctuations with T ′ rms /T ≃ 10 −6 are small. Only the granulation pattern near the solar surface exhibits much higher values of O(0.01) (Stix 1989) .
All known turbulence models which produce α effect under the influence of rotation are inhomogeneous. The turbulence in the present paper is homogeneous but anisotropic if only molecular resistivity fluctuations are correlated with the radial (or say 'upward') velocity fluctuations. With the vector of the preferred direction (say g) in the turbulence field one can construct the pseudo-scalar (g · Ω) which is needed for the existence of the pseudo-scalar α. It is thus challenging to probe our model for generation of an α effect under the influence of rotation. Equations (4.2) and (4.3) represent the analytical results of a quasi-linear approximation.
The coefficient α has the same sign as the considered conductivity-velocity correlation for δlike frequency spectra (low conductivity limit) but for white-noise spectra, i.e. in the highconductivity limit (Rm → ∞), it vanishes. The ratioγ of the pumping term and the α effect depends on the rotation rate. It is of unity order if Coriolis number 2τ corr Ω ≃ 1.
We have tested the properties of the resistivity-current correlation vector η ′ curlB ′ by means of the proxy u ′ r curlB ′ where (only) the flow component u ′ r may be correlated with the resistivity fluctuation η ′ . To this end the turbulent flux of electric current, u ′ i curl j B ′ , has been calculated under the influence of rotation and of a homogeneous magnetic field. The secondorder correlation approximation directly leads to the expressions κ ′ and κ as coefficients of the diamagnetic pumping term and of α terms such as ΩB. After the replacement of u ′ r with η ′ -if both are correlated or anti-correlated -the latter term plays the role of an α effect in the induction equation (2.5).
With numerical simulations of a convective box with weak density and temperature stratification the analytical results have been verified. The homogeneous magnetic background field may only have an azimuthal component. The interesting correlations are u ′ r curl θ B ′ for the pumping term and u ′ r curl φ B ′ for the α term. As they should, both correlations show finite values with the expected signs and with the correct symmetry conditions. We finally note that the considered turbulence field is non-helical. In opposition to the tensors of helicity u ′ i curl j u ′ and current helicity B ′ i curl j B ′ , the current-flux tensor u ′ i curl j B ′ is not a pseudo-tensor.
